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Abstract
Gauge fields in exotic representations of the Lorentz group in D dimensions – i.e. ones which
are tensors of mixed symmetry corresponding to Young tableaux with arbitrary numbers of
rows and columns – naturally arise through massive string modes and in dualising gravity
and other theories in higher dimensions. We generalise the formalism of differential forms
to allow the discussion of arbitrary gauge fields. We present the gauge symmetries, field
strengths, field equations and actions for the free theory, and construct the various dual
theories. In particular, we discuss linearised gravity in arbitrary dimensions, and its two
dual forms.
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1 Introduction
Fields in symmetric or antisymmetric tensor representations of the Lorentz group occur
in many contexts. However, tensor fields in more exotic representations corresponding to
arbitrary Young tableaux can also occur. Such fields arise among the higher-spin massive
1
modes in string theory, and can also occur in dualising some of the more familiar tensor
fields. They arise too in higher spin gauge theories in dimensions 5 ≤ D ≤ 7 [1]. The
free covariant field theories for such representations have been discussed in [2], [3], [4]. It
is well known that a massless p-form gauge field A in D dimensions can be dualised to a
D − p − 2 form gauge field B, with dA = ∗dB, exchanging field equations with Bianchi
identitites. This can be extended to other tensor fields. For example, a massive spin-two
field in four dimensions, usually described in terms of a symmetric second rank tensor, has
a dual description in terms of a third rank tensor dµνρ = d[µν]ρ satisfying dµνρ = −dνµρ and
d[µνρ] = 0 [5]. It is then of mixed symmetry, corresponding to a Young tableau with two
columns of length two and one. In [6], [7], [8], [9], dual forms of linearised gravity were found
in arbitrary dimensions.
For example, in D = 5, linearised gravity is formulated in the usual way in terms of a
symmetric tensor hµν . There are however two dual forms of this theory, one formulated in
terms of a gauge field dµνρ (again satisfying dµνρ = −dνµρ and d[µνρ] = 0) and one formulated
in terms of a gauge field cµνρσ with the same symmetries as the Riemann tensor. These fields
transform under the gauge transformations
δcµνρσ = 2 ∂[µχν]ρσ + 2 ∂[ρχσ]µν − 4 ∂[µχνρσ]
δdµνρ = 2 ∂[µαν]ρ − 2 ∂[µανρ] + ∂ρβµν − ∂[ρβµν]
δhµν = 2 ∂(µξν)
(1)
respectively, with parameters χµ[νρ] = χµνρ, αµν , β[µν] = βµν and ξµ, so that each gauge field
corresponds to five physical degrees of freedom; in each case, these are in the 5 representation
of the little group SO(3). The respective gauge invariant field strengths are
Gµνρσαβ = 9 ∂[µcνρ][σα,β], Sµνραβ = −6 ∂[µdνρ][α,β], Rµνρσ = −4 ∂[µhν][ρ,σ] (2)
which all involve two derivatives. In gravity, the linearised curvature satisfies the Bianchi
identity
R[µνρ]σ = 0 (3)
and the linearised field equation
ηµρRµνρσ = 0 (4)
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where ηµν is the SO(4, 1)-invariant Minkowski metric. The gauge field dµνρ can be defined
non-locally in terms of the gauge field hµν via the duality relation
Sµνραβ =
1
2
ǫµνργδ R
γδ
αβ (5)
The gravitational field equation then implies that Sµνραβ satisfies the Bianchi identity
S[µνρα]β = 0 (6)
while the gravitational Bianchi identity implies the field equation
ηµαSµνραβ = 0 (7)
Similarly, one can introduce the gauge field cµνρσ via a further duality
Gµνρσαβ =
1
2
ǫσαβγδS
γδ
µνρ (8)
whose field strength then satisfies the Bianchi identity
G[µνρσ]αβ = 0 (9)
corresponding to the gravitational Bianchi identity and the field eqautions for dµνρ, and the
field equation
ηµσηναGµνρσαβ = 0 (10)
corresponding to the gravitational field equation and the Bianchi identity for Sµνραβ .
These dual forms of gravity in D = 5 arise naturally from considering the reduction of the
(4,0) supersymmetric free theory in D = 6, in which the five physical degrees of freedom of
the graviton in D = 5 arise from the reduction of a gauge field C+MNPQ in six dimensions with
the symmetries of the Riemnann tensor and with field strength satisfying D = 6 self-duality
constraints [6], [8], [9]. In [6], it was argued that M-theory compactified to D = 5, with
D = 5, N = 8 supergravity as the low-energy effective field theory, could have a strong-
coupling limit giving rise to a D = 6, (4,0) supersymmetric theory with gravity described by
the exotic gauge field C+MNPQ.
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This generalises to D dimensions, where the graviton hµν is dual to a gauge field Dµ1...µD−3ν
(corresponding to a Young tableau with one column of length D− 3 and one of length one)
or to a gauge field Cµ1...µD−3ν1...νD−3 (corresponding to a Young tableau with two columns,
both of length D − 3).
Antisymmetric tensor gauge fields are naturally formulated in the language of differential
forms. The purpose of this paper is to develop the corresponding formalism for these higher
rank gauge fields and their dualities, following the work of [11], [12], [13]. Gauge fields such
as hµν , Dµ1...µD−3ν or Cµ1...µD−3ν1...νD−3 represented by Young tableaux with two columns of
length p, q are elegantly described in terms of bi-forms , taking values in the tensor product
space Λp⊗Λq of p-forms with q-forms. This formalism is developed in section 2 and applied
to gauge theories. The construction is generalised in section 3, using multi-forms to establish
dual descriptions of theories with gauge fields in arbitrary representations of GL(D,R).
2 Generalised dual descriptions of linearised gravity
In five dimensions the usual electromagnetic duality between the local descriptions in terms
of the one and two-form gauge fields Aµ or Bµν generalises to a gravitational triality between
the local descriptions in terms of the three gauge fields hµν , dµνρ or cµνρσ in representations
corresponding to Young tableaux with two columns. The electromagnetic duality can be
considered in arbitrary spacetime dimension D with equivalent descriptions in terms of the
electric or magnetic potentials Aµ or Bµ1...µD−3. As discussed in [9], one can similarly consider
a linearised gravitational triality in D dimensions with the conventional presentation in
terms of the graviton hµν having equivalent descriptions in terms of either Dµ1...µD−3ν or
Cµ1...µD−3ν1...νD−3. The three dual fields correspond to the GL(D,R)-irreducible two-column
Young tableaux representations [1, 1], [D − 3, 1] and [D − 3, D − 3].
The purpose of this section is to develop the theory of bi-forms which describe these gauge
fields and their triality most economically. This work was first presented in [10].
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2.1 Bi-forms
Consider theGL(D,R)-reducible tensor product space of p-forms and q-formsXp,q := Λp⊗Λq
on RD whose elements are
T =
1
p!q!
Tµ1...µpν1...νqdx
µ1 ∧ ... ∧ dxµp ⊗ dxν1 ∧ ... ∧ dxνq (11)
where the components Tµ1...µpν1...νq = T[µ1...µp][ν1...νq] are totally antisymmetric in each of the
{µ} and {ν} sets of indices separately. No symmetry properties are assumed between the
indices µi and the indices νj . The tensor field T ∈ X
p,q is well defined and will be referred to
as a bi-form. This definition of a bi-form is useful since one can employ various constructions
from the theory of forms acting on the individual Λp and Λq subspaces.
A generalisation of the exterior wedge product defines the bi-form T ⊙ T ′ ∈ Xp+p
′,q+q′, for
any T ∈ Xp,q and T ′ ∈ Xp
′,q′, by
T ⊙ T ′ =
1
(p+ p′)!(q + q′)!
Tµ1...µpν1...νqT
′
µp+1...µp+p′νq+1...νq+q′
dxµ1 ∧ ... ∧ dxµp+p′
⊗ dxν1 ∧ ... ∧ dxνq+q′ (12)
This definition gives the space X∗ :=
∑
(p,q)⊕X
p,q a ring structure with respect to the
⊙-product and the natural addition of bi-forms.
Clearly, standard operations on differential forms generalise to bi-forms. There are two
exterior derivatives on Xp,q. The left derivative
d : Xp,q → Xp+1,q (13)
and the right derivative
d˜ : Xp,q → Xp,q+1 (14)
whose actions on T are defined by
dT =
1
p!q!
∂[µTµ1...µp]ν1...νqdx
µ ∧ dxµ1 ∧ ... ∧ dxµp ⊗ dxν1 ∧ ... ∧ dxνq ∈ Xp+1,q
d˜T =
1
p!q!
∂[νT|µ1...µp|ν1...νq]dx
µ1 ∧ ... ∧ dxµp ⊗ dxν ∧ dxν1 ∧ ... ∧ dxνq ∈ Xp,q+1 (15)
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1 It is clear from these definitions that
d2 = d˜2 = 0, dd˜ = d˜d (16)
One can also write the total derivative
D : Xp,q → Xp+1,q ⊕Xp,q+1 (17)
defined as
D := d+ d˜ (18)
which satisfies D3 = 0.
Similarly, one can also construct distinct left
ιk : X
p,q → Xp−1,q (19)
and right
ι˜k : X
p,q → Xp,q−1 (20)
interior products defined by
ιkT =
1
(p− 1)!q!
kµ1Tµ1µ2...µpν1...νqdx
µ2 ∧ ... ∧ dxµp ⊗ dxν1 ∧ ... ∧ dxνq ∈ Xp−1,q
ι˜kT =
1
p!(q − 1)!
kν1Tµ1...µpν1ν2...νqdx
µ1 ∧ ... ∧ dxµp ⊗ dxν2 ∧ ... ∧ dxνq ∈ Xp,q−1 (21)
for some vector field k. Again, it is clear that ι2k = ι˜
2
k = 0 and ιk ι˜k = ι˜kιk.
Consider now such bi-forms as reducible representations of the Lorentz group SO(D−1, 1) ⊂
GL(D,R), so that there is a Minkowski metric ηµν and a totally antisymmetric tensor ǫµ1...µD
which are SO(D − 1, 1)-invariant tensors. These allow the construction of two inequivalent
Hodge duality operations on bi-forms. There is a left dual
∗ : Xp,q → XD−p,q (22)
1As usual, the square bracketed indices are to be antisymmetrised while those inside vertical bars are
excluded from the antisymmetrisation. For example T[µ|νρ|σ] :=
1
2 (Tµνρσ−Tσνρµ) for some fourth rank tensor
Tµνρσ.
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and a right dual
∗˜ : Xp,q → Xp,D−q (23)
defined by
∗ T =
1
p!(D − p)!q!
Tµ1...µpν1...νqǫ
µ1...µp
µp+1...µD
dxµp+1 ∧ ... ∧ dxµD ⊗ dxν1 ∧ ... ∧ dxνq ∈ XD−p,q
∗˜T =
1
p!q!(D − q)!
Tµ1...µpν1...νqǫ
ν1...νq
νq+1...νD
dxµ1 ∧ ... ∧ dxµp ⊗ dxνq+1 ∧ ... ∧ dxνD ∈ Xp,D−q
(24)
where indices are raised using the SO(D − 1, 1)-invariant metric. These definitions imply
∗2 = (−1)1+p(D−p), ∗˜2 = (−1)1+q(D−q) and ∗∗˜ = ∗˜∗. 2
This allows one to also define two inequivalent ‘adjoint’ derivatives
d† := (−1)1+D(p+1) ∗ d∗ : Xp,q → Xp−1,q (25)
and
d˜† := (−1)1+D(q+1)∗˜ d˜∗˜ : Xp,q → Xp,q−1 (26)
whose actions on T are defined by
d†T =
1
(p− 1)!q!
∂µ1Tµ1µ2...µpν1...νqdx
µ2 ∧ ... ∧ dxµp ⊗ dxν1 ∧ ... ∧ dxνq ∈ Xp−1,q
d˜†T =
1
p!(q − 1)!
∂ν1Tµ1...µpν1ν2...νqdx
µ1 ∧ ... ∧ dxµp ⊗ dxν2 ∧ ... ∧ dxνq ∈ Xp,q−1 (27)
These definitions imply d†
2
= d˜†
2
= 0 and d†d˜† = d˜†d†. One can then define the Laplacian
operator
∆ := dd† + d†d ≡ d˜d˜† + d˜†d˜ : Xp,q → Xp,q (28)
2Another formalism used to describe higher spin gauge theories is proposed in [11], [12], [13]. The
construction there specifies a sequence of Young diagrams with increasing numbers of cells. There is then
just one notion of exterior derivation which maps to the next element in the sequence and one interior
product which maps to the previous element. This encounters some difficulties when it comes to describing
the linearised gauge theory. Recall, for example, that the gauge transformation for dµνρ in (1) contained
terms involving two parameters αµν and βµν with different index symmetries. Consequently if dµνρ is an
element in the complex then one could only write its gauge transformation as the exterior derivative of either
the symmetric part of αµν or βµν - whichever was chosen to be in the complex.
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where the second equality follows identically.
A trace operation
τ : Xp,q → Xp−1,q−1 (29)
can be defined by
τT =
1
(p− 1)!(q − 1)!
ηµ1ν1Tµ1...µpν1...νqdx
µ2 ∧ ...∧ dxµp ⊗ dxν2 ∧ ...∧ dxνq ∈ Xp−1,q−1 (30)
Consequently, one can define two inequivalent ‘dual trace’ operations
σ := (−1)1+D(p+1) ∗ τ∗ : Xp,q → Xp+1,q−1 (31)
and
σ˜ := (−1)1+D(q+1)∗˜ τ ∗˜ : Xp,q → Xp−1,q+1 (32)
so that
σT =
(−1)p+1
p!(q − 1)!
T[µ1...µpν1]ν2...νqdx
µ1 ∧ ... ∧ dxµp ∧ dxν1 ⊗ dxν2 ∧ ... ∧ dxνq ∈ Xp+1,q−1
σ˜T =
(−1)q+1
(p− 1)!q!
Tµ1...µp−1[µpν1...νq]dx
µ1 ∧ ... ∧ dxµp−1 ⊗ dxµp ∧ dxν1 ∧ ... ∧ dxνq ∈ Xp−1,q+1
(33)
It is also useful to define a transpose operation
t : Xp,q → Xq,p (34)
by
tT =
1
p!q!
Tν1...νqµ1...µpdx
ν1 ∧ ... ∧ dxνq ⊗ dxµ1 ∧ ... ∧ dxµp ∈ Xq,p (35)
and a map
η : Xp,q → Xp+1,q+1 (36)
by
ηT =
1
(p+ 1)!(q + 1)!
ηµ1ν1Tµ2...µp+1ν2...νq+1dx
µ1 ∧ ...∧dxµp ∧dxµp+1⊗dxν1 ∧ ...∧dxνq ∧dxνq+1
(37)
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where the action in (37) is identical to the ⊙-product with the SO(D−1, 1)-invariant metric
ηµν , so that ηT ≡ η ⊙ T .
It is also convenient for the forthcoming discussion to state the identities
τd + dτ = d˜†
τ d˜ + d˜τ = d†
τd† + d†τ = 0 (38)
τ d˜† + d˜†τ = 0
which imply the further relations
(−1)n+1τnd+ dτn = n d˜†τn−1
(−1)n+1τnd˜+ d˜τn = n d†τn−1
σd+ dσ = 0 (39)
σ˜d˜+ d˜σ˜ = 0
that follow by induction.
A further important result is that, for any bi-form T ∈ Xp,q, then
τnT = 0 =⇒ (τD−p−q+n ∗ ∗˜)T = 0 (40)
but does not imply (τD−p−q+n−1 ∗ ∗˜)T = 0 for n ≥ 1 and D − p − q + n ≥ 1. The proof
follows since the expression on the right hand side of (40) only contains terms with n or
more traces of T . Consequently τT = 0 implies the whole bi-form T = 0 for D < p+ q (but
not for D ≥ p+ q). More generally, τnT = 0 implies T = 0 for D < p+ q + 1− n.
2.2 Reducible gauge theories
In this section, we will discuss the gauge theories for fields in reducible representations of
GL(D,R), and in the following section we will refine this to examine irreducible representa-
tions. Consider then a gauge field A ∈ Xp,q with components Aµ1...µpν1...νq = A[µ1...µp][ν1...νq].
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Consider also the general gauge transformation
δA = dαp−1,q + d˜α˜p,q−1 (41)
with gauge parameters αp−1,q ∈ Xp−1,q, α˜p,q−1 ∈ Xp,q−1. The gauge invariant field strength
is
F = dd˜A (42)
satisfying the Bianchi indentities
dF = 0, d˜F = 0 (43)
A natural field equation to impose is
τF = 0 (44)
This gives a reducible theory. For example, A ∈ X1,1 is a general second rank tensor Aµν
which can be decomposed into symmetric and antisymmetric parts. Such reducible theories
were investigated in [9] and although the formalism can be developed, it seems more natural
to decompose into irreducible representations of GL(D,R).
2.3 Bi-form gauge theory
The formalism above can be used to describe a free gauge theory whose gauge potential
A ∈ Xp,q is a tensor field transforming in an irreducible representation of GL(D,R) such
that its components Aµ1...µpν1...νq have the index symmetry of a two-column Young tableau
with p cells in the left column and q cells in the right column. Without loss of generality, we
take p ≥ q. A shorthand notation for this representation is [p, q]. 3 We will write X [p,q] for
the subspace of Xp,q in the representation [p, q]. Recall that irreducibility under GL(D,R)
implies that the components of A of must satisfy [14]
A[µ1...µp][ν1...νq] = Aµ1...µpν1...νq , A[µ1...µpν1]ν2...νq = 0
and Aµ1...µpν1...νq = Aν1...νqµ1..µp if p = q
(45)
3The convention of writing tableaux in terms of the number of cells in each column differs from the
standard way of labelling by row occupancy (e.g. in [14]), but is more suitable for the discussion here.
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Such a tensor has
dimD[p, q] =
(
D
p
)(
D + 1
q
)[
1−
q
p+ 1
]
(46)
independent components for p ≥ q. For example, the graviton hµν in five dimensions has
dim5[1, 1] = 15 components. These conditions can be written as the conditions on the
bi-form A
σA = 0
and A = tA if p = q (47)
Thus, for p 6= q, X [p,q] is the kernel of the map σ : Xp,q → Xp+1,q−1, while for p = q it is the
subspace of the kernel invariant under the transpose t. It should be noted that σ˜A 6= 0 for
p > q though for p = q, σA = σ˜A = 0, since tA = A.
This presentation is given before gauge fixing. After restricting to the physical (light-cone)
gauge, the components of Aˆ, written Aˆi1...ipj1...jq , transform irreducibly under the little group
SO(D − 2) ⊂ SO(D − 1, 1) ⊂ GL(D,R) (for D ≥ 2). Since this implies the existence of an
SO(D−2)-invariant metric δij then irreducibility under SO(D−2) implies that, in addition to
the index symmetries (45), the components of Aˆ must also satisfy the tracelessness condition
Aˆi i2...ipij2...jq = 0 (or equivalently τAˆ = 0 with respect to the SO(D − 2)-invariant metric).
Such a representation, in physical gauge, therefore has
dim(D−2) ̂[p, q] = dim(D−2)[p, q]− dim(D−2)[p− 1, q − 1] (48)
independent components. For example, the physical graviton hˆij in five dimensions has
dim3 [̂1, 1] = 5.
The GL(D,R)-reducible space of bi-forms Xp,q contains the space of all type [p, q] tensors,
written X [p,q], as a GL(D,R)-irreducible subspace so the bi-form operations in section 2.1
are well defined on these irreducible tensors. The projection from Xp,q onto X [p,q] is the
Young symmetriser Y[p,q] for the particular [p, q] tableau symmetry [14]. Thus A satisfies
A = Y[p,q] ◦ A (49)
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In order to perserve this, we project the gauge transformation (41) to obtain
δA = Y[p,q] ◦
(
dαp−1,q + d˜α˜p,q−1
)
(50)
for bi-form parameters αp−1,q ∈ Xp−1,q and α˜p,q−1 ∈ Xp,q−1. These gauge parameters are
not assumed to be GL(D,R)-irreducible. The first order gauge transformation for A is then
proportional to the sum of two tableaux with symmetry of [p, q] type - one term having
a single partial derivative entered in the left column and the other having a single partial
derivative entered in the right column.
In conventional Abelian gauge theory with a p-form (one-column [p, 0] tableau) potential
Aµ1...µp one can write a field strength (p+1)-form F = dA which is invariant under the gauge
transformation δA = dα for some (p− 1)-form parameter α. Following this, several authors
[5], [15], [16] have proposed a type [3, 1] field strength involving a single derivative of the
two-column, type [2, 1] gauge potential d[µν]ρ used to describe the Pauli-Fierz system. Such
a construction, however, is found to be invariant under only the α1,1 part of the most general
gauge transformation proposed in (50). The example of the type [1, 1] graviton though has
the linearised Riemann tensor, involving two derivatives, as its invariant field strength. This
is indicative of the general observation that two-column tableaux gauge potentials should
describe linearised ‘gravitational type’ systems whose field strengths involve two derivatives
of the given gauge potential. Consequently, the unique GL(D,R)-irreducible field strength
F is the type [p+ 1, q + 1] tensor defined by
F = Y[p+1,q+1] ◦
(
dd˜A
)
≡ dd˜A (51)
which is invariant under the full gauge transformation (50). The left and right exterior
derivatives act as d : X [p,q] → Xp+1,q and d˜ : X [p,q] → Xp,q+1 on the irreducible subspace
X [p,q] and so do not map tableaux to tableaux. The composite operator dd˜, however, acts as
dd˜ : X [p,q] → X [p+1,q+1] on the irreducible subspace which implies the identity in (51). The
expression is unambiguous since the left and right exterior derivatives commute. A theorem
in [12], in fact, allows any globally defined type [p + 1, q + 1] tensor F that is closed under
both d and d˜ to be written as in (51) for some locally defined type [p, q] potential A (this
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is true globally on RD). This generalises the well known Poincare´ lemma that any closed
(p + 1)-form can be written locally as the exterior derivative of some p-form potential. In
terms of Young tableaux, (51) simply corresponds to a type [p + 1, q + 1] pattern with one
partial derivative in each of the two columns. The gauge invariance of (51) then follows
because δF corresponds to a type [p+1, q+1] pattern with at least two (commuting) partial
derivatives in a single column.
In addition to this gauge invariance, the field strength F also satisfies the two second Bianchi
identities
dF = 0, d˜F = 0 (52)
which follow from a similar reasoning, and the first Bianchi identity
σF = 0 (53)
for p ≥ q, by virtue of GL(D,R)-irreducibility.
The natural equation of motion is the generalised Einstein equation
τF = 0 (54)
This is non-trivial, in the sense that it does not imply F = 0, for dimension D ≥ p + q + 2
(using (40)). More generally, for dimensions D = p+ q + 3− n, the field equation
τnF = 0 (55)
gives a non-trivial equation. For example, for a type [1,1] tensor (graviton) hµν , F is the
type [2,2] linearised Riemann tensor, and τF = 0 is the vacuum Einstein equation Rµν = 0.
This is non-trivial for D ≥ 4. For D = 3, the Einstein equation Rµν = 0 implies the
whole curvature vanishes, and is too strong as it has no non-trivial solutions. For D = 3,
the equation τ 2F = 0, i.e. the vanishing of the Ricci scalar R = 0 does give a non-trivial
equation and gives a theory dual to a scalar field [9].
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2.4 Dualities between type [p, q] tensors
As discussed in [9], although the gravitational triality in five dimensions was found via
dimensional reduction of a self-dual field in six dimensions, one can more generally consider
the dual descriptions of a graviton in D dimensions. Given the linearised Riemann curvature
R as the type [2, 2] field strength (51) for the graviton then one can construct two inequivalent
Hodge duals given by the bi-forms S := ∗R ∈ XD−2,2 and G := ∗∗˜R ∈ XD−2,D−2 which
are written
Sµ1...µD−2ν1ν2 =
1
2
Rαβ ν1ν2 ǫαβµ1...µD−2 (56)
Gµ1...µD−2ν1...νD−2 =
1
4
Rαβγδ ǫαβµ1...µD−2 ǫγδν1...νD−2 (57)
in component form.
The curvature tensor satisfies the first Bianchi identities
σR = 0, σ˜R = 0 (58)
the second Bianchi identities
dR = 0, d˜R = 0 (59)
and the Einstein equation
τR = 0 (60)
in D ≥ 4, which implies the secondary field equations
d†R = 0, d˜†R = 0 (61)
which are obtained using (38).
The dual tensors
S = ∗R, G = ∗∗˜R (62)
then satisfy the algebraic constraints
σS = 0, σG = σ˜G = 0 (63)
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which imply they are GL(D,R)-irreducible, such that S ∈ X [D−2,2] and G ∈ X [D−2,D−2].
They also satisfy the differential constraints
dS = 0, d˜S = 0, d†S = 0, d˜†S = 0 (64)
and
dG = 0, d˜G = 0, τD−4d†G = 0, τD−4d˜†G = 0 (65)
together with the field equations
τS = 0, τD−3G = 0 (66)
which are non-trivial for S and G in D ≥ 4. These are derived from the properties of the
Riemann tensor and by using (39) and (40). The dualities (56) and (57) interchange field
equations and Bianchi identities. For example the field equation τR = 0 becomes τ ∗ S = 0
and which is equivalent to ∗σS = 0, implying the Bianchi identity σS = 0. It then gives the
field equation τ ∗ ∗˜G = 0, which is equivalent to τD−3G = 0. The Bianchi identity σR = 0
becomes the field equation τS = 0 and then the Bianchi identity σ˜G = 0. These properties
follow from the fact that τ , which occurs in the field equations, is related to σ, which occurs
in the Bianchi identities, by Hodge duality as σ ∼ ∗τ∗.
The irreducibility of the duals S and G, together with the fact that they are closed under
both d and d˜ further implies that these tensors can be solved in terms of the type [D− 3, 1]
and [D−3, D−3] gauge potentials Dµ1...µD−3ν and Cµ1...µD−3ν1...νD−3, such that S = dd˜D and
G = dd˜C. The three constraints τR = 0, τS = 0 and τD−3G = 0 can then be seen as the
non-trivial, linearised equations of motion for h, D and C.
Another way to see the duality given above is in physical gauge where one has no gauge
symmetry to consider and there exists an SO(D − 2) orientation tensor ǫi1...iD−2. The two
dual potentials are then related to the physical graviton hij such that D = ∗h and C = ∗∗˜h
(where ∗ here denotes the SO(D − 2)-covariant Hodge dual). This gauge-fixed definition of
D and C implies that they are irreducible under SO(D − 2) following the irreducibility of
h. A non-trivial check that each of these three fields describes the same number of physical
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degrees of freedom follows the result that
dim(D−2) [̂1, 1] = dim(D−2) ̂[D − 3, 1] = dim(D−2) ̂[D − 3, D − 3] =
D(D − 3)
2
(67)
for D > 3. 4
The arguments presented in this section are straightforwardly extended for dualities between
arbitrary type [p, q] tensor gauge theories. Consider a type [p, q] tensor gauge field h (with
p ≥ q) having type [p + 1, q + 1] field strength R = dd˜h satisfying the first and second
Bianchi identities σR = 0, dR = 0 and d˜R = 0. It is assumed that D ≥ p + q + 2 so that
the ‘Einstein’ equation τR = 0 which is imposed has non-trivial solutions. These properties
of R again imply the secondary field equations d†R = 0 and d˜†R = 0.
For general p ≥ q one can define three inequivalent Hodge dual field strengths
S := ∗R ∈ XD−p−1,q+1, S˜ := ∗˜R ∈ Xp+1,D−q−1, G := ∗∗˜R ∈ XD−p−1,D−q−1
(68)
where S˜ = tS for p = q. The above dualities, together with the properties of R, imply the
algebraic constraints
σS = 0, σ˜S˜ = 0, σ˜G = 0 (69)
with the additional constraints σG = 0 only if p = q and σ˜S = σS˜ = 0 only if D = p+ q+2.
S, S˜ andG are thereforeGL(D,R)-irreducible. 5 The dual tensors also satisfy the differential
constraints
dS = 0, d†S = 0, d˜†S = 0,
dS˜ = 0, d˜S˜ = 0, d˜†S˜ = 0,
d˜G = 0, τD−2−p−qd†G = 0
(70)
4This is analogous to the more usual duality in physical gauge wherein a p-form gauge field A is related
to a dual (D−2−p)-formB such that B = ∗A. In this case both fields describe the same
(
D − 2
p
)
physical
degrees of freedom.
5The constraints in (69) imply this following the assumption D ≥ p+ q+2 which implies that the bi-form
S has a left column length ≥ that of the right column and vice versa for S˜. The bi-form G has right column
length ≥ left column length, due to the assumption p ≥ q.
16
with the additional constraints d˜S = 0, d†S˜ = 0, dG = 0 and τD−2−p−qd˜†G = 0 if p = q.
The field equations imposed on the dual tensors are
τS = 0, τ 1+p−qS˜ = 0, τD−1−p−qG = 0 (71)
which are non-trivial equations for S, S˜ and G if p ≥ q. The expressions (39) and (40)
are used to derive the results above and again the dualities mix Bianchi and field equation
constraints for the dual field strengths. For p = q, the expressions above imply S(= tS˜) and
G can be solved in terms of type [D − p− 2, p] and [D − p− 2, D − p− 2] tensor potentials
D and C, such that S = dd˜D and G = dd˜C. The field equations (71) can then be seen as
the equations of motion for D and C.
2.5 Gauge invariant actions
In this section we construct the gauge invariant actions corresponding to the field equations
given above for bi-form gauge fields in sufficiently large dimension. The construction of such
actions is perhaps best described by starting with some simple examples. Consider the three
fields hµν , dµνρ and cµνρσ of types [1, 1], [2, 1] and [2, 2] described in section 1, but now in D
dimensions.
The invariant action S [1,1] for the graviton hµν is the linearised Einstein-Hilbert action given
by
S [1,1] = −
1
2
∫
dDxhµνEµν =
∫
dDx
(
∂[µhν]ρ∂[µhν]ρ − 2∂
[µhν]ν∂[µhρ]ρ
)
(72)
where Eµν := Rµν −
1
2
ηµνR denotes the linearised Einstein tensor, satisfying ∂
µEµν ≡ 0,
constructed from contractions of the linearised Riemann tensor Rµνρσ = −4∂[µhν][ρ,σ]. The
Lagrangian has two expressions as either −1
2
hµνEµν in terms of the linearised Einstein tensor
Eµν or as quadratic terms in the type [2, 1] single derivative object ∂[µhν]ρ and its SO(D −
1, 1)-irreducible trace part ∂[µh
ν
ν] . Notice that neither ∂[µhν]ρ nor its SO(D−1, 1)-irreducible
traceless part is invariant under δhµν = 2∂(µξν) even though S
[1,1] is. The easiest way to see
the gauge invariance is in terms of the −1
2
hµνEµν Lagrangian. Since the linearised Riemann
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tensor Rµνρσ = −4∂[µhν][ρ,σ] is the field strength (51) for the graviton then it follows that the
linearised Einstein tensor is also gauge invariant (it being constructed from traces of Rµνρσ).
The gauge transformation therefore only changes the Lagrangian by −1
2
(δhµν)E
µν which
simply consists of a total derivative term (since ∂µEµν ≡ 0 identically) and so vanishes in
the action integral. The field equation for this model is simply the linearised vacuum Einstein
equation Eµν = 0 which is equivalent to the linearised Ricci flatness condition R
α
µαν = 0 in
D 6= 2. It is also noted that this equation is trivial unless D ≥ 4. 6 The equation can be
decomposed in terms of its linearly independent components, whence the graviton satisfies
∂2hµν = 0, ∂
µhµν = 0 and h
µ
µ = 0.
The gauge field dµνρ has a field strength Sµνραβ = −6 ∂[µdνρ][α,β] (51) and field equation
τS = 0. The invariant action S [2,1] giving this field equation has been constructed in [15],
[16]. The presentation in these articles consists of quadratic terms in the type [3, 1] single
derivative object ∂[µdνρ]α and its trace part ∂[µd
α
να] . As already noted, these objects are
not individually gauge invariant under (50), even though S [2,1] is. A more obviously gauge
invariant presentation is given by
S [2,1] = −
1
2
∫
dDx dµνρEµνρ (73)
where Eµνρ is the linearised ‘Einstein’ tensor for dµνρ, defined by
Eµνρ := S
α
µναρ − ηρ[µ S
αβ
ν]αβ (74)
or equivalently, E = τS − ητ 2S in bi-form notation. By construction, Eµνρ is a gauge
invariant type [2, 1] tensor satisfying ∂µEµνρ ≡ 0 and ∂
ρEµνρ ≡ 0 identically. Consequently
the gauge transformation of the Lagrangian in (73) is a total derivative implying the action
is gauge invariant. The field equation for this model is then the linearised vacuum ‘Einstein’
equation Eµνρ = 0 which is equivalent to S
α
µναρ = 0 in D 6= 3. This equation is non-trivial
in D ≥ 5. The linearly independent components of this imply that dµνρ satisfies ∂
2dµνρ = 0,
∂µdµνρ = 0, ∂
ρdµνρ = 0 and d
µ
µν = 0.
6In the lower dimension D = 3, one cannot obtain the non-trivial (vanishing Ricci scalar) equation R = 0
from a gauge invariant action.
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The invariant action S [2,2] for cµνρσ also has a more explicitly gauge invariant form given by
S [2,2] = −
1
4
∫
dDx cµνρσ Eµνρσ (75)
where Eµνρσ is defined by
Eµνρσ := G
α
µναρσ − ηρ[µG
αβ
ν]αβσ + ησ[µG
αβ
ν]αβρ +
1
3
ηρ[µ ην]σG
αβγ
αβγ (76)
in terms of the field strength Gµνρσαβ = 9 ∂[µcνρ][σα,β]. (76) can equivalently be written as
E = τG− 2ητ 2G+ 1
3
η2τ 3G in bi-form notation. By construction, Eµνρσ is a gauge invariant
type [2, 2] tensor satisfying ∂µEµνρσ ≡ 0. This implies the gauge invariance of (75). The
field equation for this model is Eµνρσ = 0 which is equivalent to G
α
µναρσ = 0 in D 6= 4. This
equation is non-trivial in D ≥ 6. The linearly independent components of this then imply
that cµνρσ satisfies ∂
2cµνρσ = 0, ∂
µcµνρσ = 0 and c
µ
µν σ = 0.
The general construction then considers the gauge invariant action S [p,q] for a given type
[p, q] tensor gauge field Aµ1...µpν1...νq . The gauge invariance can be seen by writing S
[p,q] in
the form
S [p,q] = −
1
p!q!
∫
dDx Aµ1...µpν1...νq Eµ1...µpν1...νq (77)
where Eµ1...µpν1...νq is the gauge invariant type [p, q] tensor satisfying ∂
µ1Eµ1...µpν1...νq ≡ 0
and ∂ν1Eµ1...µpν1...νq ≡ 0 identically. Such a tensor always exists and involves various terms
involving two derivatives on Aµ1...µpν1...νq and all its possible traces. The general form of
Eµ1...µpν1...νq is given by
Eµ1...µpν1...νq = Y[p,q] ◦
(
F αµ1...µpαν1...νq + a1 ηµ1ν1F
α1α2
µ2...µpα1α2ν2...νq
(78)
+ . . . + aq ηµ1ν1...ηµqνqF
α1...αq+1
µq+1...µpα1...αq+1
)
for q coefficients a1,...,aq (assuming p ≥ q). The leading order term is the single trace τF of
the type [p+1, q+1] field strength F of A which is a type [p, q] tensor. The correction terms
involve successive traces of this object (appropriately symmetrised using Y[p,q]). The precise
values of the coefficients are fixed uniquely by the conservation conditions above (for example,
a1 = −pq/2). The field equation is given by the linearised vacuum ‘Einstein’ equation
Eµ1...µpν1...νq = 0 which is equivalent to the equation F
α
µ1...µpαν1...νq
= 0, proposed in [9], for
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D 6= p+q. This equation is non-trivial inD ≥ p+q+2. The linearly independent components
of this equation imply ∂2Aµ1...µpν1...νq = 0, ∂
µ1Aµ1...µpν1...νq = 0, ∂
ν1Aµ1...µpν1...νq = 0 and
Aα µ2...µpαν2...νq = 0.
3 Multi-form structure in exotic tensor gauge theory
Having found the structure of bi-forms most suitable to describe gravitational dualities, this
section will develop the general structure of multi-forms which can be used to construct gauge
theories in D dimensions whose gauge fields transform in general irreducible representations
of GL(D,R). The various dual descriptions of such gauge theories are also considered. This
generalised description could also be relevant in studies of string field theory andW-geometry
[17]. The multi-form construction has also been considered in [13], [18].
3.1 Multi-forms
A multi-form of order N is a tensor field T that is an element of the GL(D,R)-reducible
N -fold tensor product space of pi-forms (where i = 1, ..., N), written
Xp1,...,pN := Λp1 ⊗ ...⊗ ΛpN (79)
The components of T are written Tµ1
1
...µ1p1
...µi
1
...µipi
...µNpN
and are taken to be totally antisym-
metric in each set of {µi} indices, such that
T[µ1
1
...µ1p1
]...[µi
1
...µipi
]...[µN
1
...µNpN
] = Tµ1
1
...µ1p1
...µi
1
...µipi
...µN
1
...µNpN
(80)
The generalisation of the operations defined for bi-forms to multi-forms of order N over RD
is then straightforward. The ⊙-product is the map
⊙ : Xp1,...,pN ×Xp
′
1,...,p
′
N → Xp1+p
′
1,...,pN+p
′
N (81)
defined by the N -fold wedge product on the individual form subspaces, by analogy with (12).
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There are N inequivalent exterior derivatives
d(i) : Xp1,...,pi,...pN → Xp1,...,pi+1,...,pN (82)
which are individually defined, by analogy with (15), as the exterior derivatives acting on
the Λpi form subspaces. This definition implies d(i)
2
= 0 (with no sum over i) and that any
two d(i) commute. One can also define the total derivative
D :=
N∑
i=1
d(i) : Xp1,...,pi,...pN →
N∑
i=1
⊕Xp1,...,pi+1,...,pN (83)
which satisfies DN+1 = 0.
There are N inequivalent interior products
ι
(i)
k : X
p1,...,pi,...,pN → Xp1,...,pi−1,...,pN (84)
whose action is defined, by analogy with (21), as the individual interior products on each
Λpi form subspace. Consequently ι
(i)
k
2
= 0 (with no sum over i) and any two ι
(i)
k commute.
For representations of SO(D − 1, 1) ⊂ GL(D,R) there are N inequivalent Hodge dual
operations
∗(i) : Xp1,...,pi,...pN → Xp1,...,D−pi,...pN (85)
which, following (24), are defined to act as the Hodge duals on the individual Λpi form
subspaces. This implies that ∗(i)
2
= (−1)1+pi(D−pi) (with no sum over i) with any two ∗(i)
commuting.
This also allows one to define N inequivalent ‘adjoint’ exterior derivatives
d†
(i)
:= (−1)1+D(pi+1) ∗(i) d(i)∗(i) : Xp1,...,pi,...pN → Xp1,...,pi−1,...,pN (86)
This implies d†
(i)2
= 0 (with no sum over i) and any two d†
(i)
commute. One can then define
the Laplacian operator
∆ := d(i)d†
(i)
+ d†
(i)
d(i) : Xp1,...,pi,...pN → Xp1,...,pi,...,pN (87)
with no sum over i.
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There exist (N − 1)! inequivalent trace operations
τ (ij) : Xp1,...,pi,...,pj,...pN → Xp1,...,pi−1,...,pj−1,...,pN (88)
defined, by analogy with (30), as the single trace between the Λpi and Λpj form subspaces
using ηµ
i
1
µ
j
1 . This allows one to define two inequivalent ‘dual-trace’ operations
σ(ij) := (−1)1+D(pi+1) ∗(i) τ (ij)∗(i) : Xp1,...,pi,...,pj,...pN → Xp1,...,pi+1,...,pj−1,...,pN (89)
and
σ˜(ij) := (−1)1+D(pj+1) ∗(j) τ (ij)∗(j) : Xp1,...,pi,...,pj,...pN → Xp1,...,pi−1,...,pj+1,...,pN (90)
associated with a given τ (ij) (with no sum over i or j). Notice that σ˜(ij) = σ(ji) since
τ (ij) = τ (ji).
One can also write (N − 1)! inequivalent involutions
t(ij) : Xp1,...,pi,...,pj,...pN → Xp1,...,pj,...,pi,...,pN (91)
defined by exchange of the Λpi and Λpj form subspaces in the tensor product space. And
finally, there are (N − 1)! distinct operations
η(ij) : X
p1,...,pi,...,pj,...pN → Xp1,...,pi+1,...,pj+1,...,pN (92)
defined as the ⊙-product with the SO(D − 1, 1) metric η (understood as a [1, 1] bi-form in
the Λpi ⊗ Λpj subspace), such that η(ij)T ≡ η ⊙ T for any T ∈ X
p1,...,pN .
3.2 Multi-form gauge theory
Consider now a gauge potential that is a tensor A in an arbitrary irreducible representation
of GL(D,R) whose components have the index symmetry of an N -column Young tableaux
with pi cells in the ith column (it is assumed pi ≥ pi+1). A given multi-form A ∈ X
p1,...,pN is
in such an irreducible representation if
σ(ij)A = 0 (93)
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for any j ≥ i and also satisfying t(ij)A = A if the ith and jth columns are of equal length,
such that pi = pj . Such a representation is labelled [p1, ..., pN ]. Again, one can project
onto this irreducible tensor subspace X [p1,...,pN ] from Xp1,...,pN using the Young symmetriser
Y[p1,...,pN ].
The natural gauge transformation for this object is then given by
δA = Y[p1,...,pN ] ◦
(
N∑
i=1
d(i)αp1,...,pi−1,...,pN(i)
)
(94)
for any gauge parameters αp1,...,pi−1,...,pN(i) ∈ X
p1,...,pi−1,...,pN . This just corresponds to the sum
over N tableaux of type [p1, ..., pN ] with the ith term in the sum having a single partial
derivative entered in the ith column.
The associated field strength F is a type [p1 + 1, ..., pN + 1] tensor defined by
F = Y[p1+1,...,pN+1] ◦
(
N∏
i=1
d(i)A
)
≡
N∏
i=1
d(i)A (95)
which is gauge invariant under (94). The identity in (95) follows from the observation that the
composite exterior operator
∏N
i=1 d
(i) : X [p1,...,pN ] → X [p1+1,...,pN+1] maps tableaux to tableaux
even though individual exterior derivatives do not. The expression is unambiguous since all
d(i) commute. The field strength (95) corresponds to a [p1 + 1, ..., pN + 1] Young tableau
with N partial derivatives (one in each column). Gauge invariance then follows from δF
vanishing identically since at least one column must contain at least two partial derivatives.
Again, rewriting the generalised Poincare´ lemma in [12] allows any type [p1 + 1, ..., pN + 1]
tensor F (satisfying d(i)F = 0 for all i) to be written as in (95) for some type [p1, ..., pN ]
potential A. The field strength F also satisfies second Bianchi identities
d(i)F = 0 (96)
and the first Bianchi identities
σ(ij)F = 0 (97)
for any j ≥ i.
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Considering the irreducible representations of GL(D,R) above to be reducible representa-
tions of the SO(D − 1, 1) Lorentz subgroup allows the construction of a gauge invariant
action functional from which physical equations of motion can be obtained. This principle
is perhaps best illustrated by the use of two simple, non-trivial examples.
Consider first the N = 1 example of a one-form Maxwell gauge field Aµ, viewed as a type
[1, 0] tensor. The natural field equation for this model is the Maxwell equation ∂µ∂[µAν] = 0.
This equation can be derived from a gauge invariant Lagrangian proportional to Aµ∂ν∂[µAν].
The gauge invariant field equation factor Eµ = ∂
ν∂[µAν] corresponds to the trace of the type
[2, 1] field strength tensor Fµνρ = 2 ∂[µAν],ρ. The derived field equations can then be written
τ (12)F = 0 (98)
Now consider the N = 3 example of a totally symmetric, third rank gauge field φµνρ, viewed
as a type [1, 1, 1, 0] tensor. The type [2, 2, 2, 1] field strength F = d(1)d(2)d(3)d(4)φ is invariant
under the most general gauge transformation δφµνρ = 3 ∂(µξνρ) for second rank gauge pa-
rameter ξµν which can be taken to be symmetric. A unique gauge invariant action is given
by
S [1,1,1,0] = −
1
6
∫
dDx φµνρEµνρ (99)
where
Eµνρ = Y[1,1,1,0] ◦
(
Fαµανβρβ −
1
2
ηµνFαβαβγργ
)
(100)
is the type [1, 1, 1, 0] field equation tensor, satisfying ∂µEµνρ ≡ 0 identically. Consequently,
(99) is invariant under the gauge transformation δφµνρ = 3 ∂(µξνρ). The field equation derived
from (99) is Eµνρ = 0 which implies Y[1,1,1,0] ◦ (Fαµανβρβ) = 0 in D 6= 2. In bi-form notation,
this field equation is then written ∑
τ (ij)τ (k4)F = 0 (101)
where the sum is over three terms with (ijk) ∈ {(123), (231), (312)}, corresponding to the
[1, 1, 1, 0] Young symmetrisation. It should be noted that this field equation contains four
derivatives of gauge field φ and consequently is somewhat unphysical in the sense that
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physical theories contain precisely two derivatives in their equations of motion. Examples of
such higher derivative field equations occur in Weyl gravity and higher order gauge theories
with Lagrangians quadratic in the curvature.
For N odd, the natural field equation for a general type [p1, ..., pN , 0] gauge potential A, with
type [p1 + 1, ..., pN + 1, 1] field strength F , is then given by
Y[p1,...,pN ,0] ◦
(∑
I∈SN
τ (i1i2)...τ (iN N+1)F
)
= 0 (102)
where the sum is on the labels I = (i1...iN ) whose values vary over all permutations of the
set (1...N). The (N +1)th label is not included in the sum and the Young projection is onto
an irreducible type [p1, ..., pN , 0] tensor. For N even, the field equation for a type [p1, ..., pN ]
gauge potential A, with type [p1 + 1, ..., pN + 1] field strength F , is given by
Y[p1,...,pN ] ◦
(∑
I∈SN
τ (i1i2)...τ (iN−1iN )F
)
= 0 (103)
where the sum here is on all the labels I = (i1...iN ) whose values vary over all permutations
of the set (1...N). The Young projection is then onto an irreducible type [p1, ..., pN ] tensor.
These field equations can be derived from the gauge invariant action
S [p1,...,pN ] = −
(
N∏
i=1
1
pi!
)∫
dDx Aµ
1
1
...µ1p1
...µi
1
...µipi
...µNpNEµ1
1
...µ1p1
...µi
1
...µipi
...µNpN
(104)
in terms of the type [p1, ..., pN ] gauge potential A and some gauge invariant field equation
tensor E involving N partial derivatives on A for even N (or N + 1 derivatives for odd
N). Gauge invariance of (104) necessarily implies that E should satisfy the N conservation
conditions ∂µ
i
1Eµ1
1
...µ1p1
...µi
1
...µipi
...µNpN
≡ 0 identically for i = 1, ..., N . For N even then the
leading term in E necessarily involves N/2 traces of the field strength F of A and is obtained
by the [p1, ..., pN ] Young symmetrisation of the sum over all permutations of N labels of the
term Fµ1
1
...µ1p1+1
...µNpN+1
ηµ
1
1 µ
2
1 ...ηµ
N−1
1
µN1 . The correction terms then consist of all further traces
(appropriately symmetrised) with coefficients fixed by overall conservation of E. For N odd
one can consider the potential to be a type [p1, ..., pN , 0] tensor of even order N + 1 whose
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field strength F is a type [p1+1, ..., pN +1, 1] tensor. The construction of E is then the same
as for the even N case.
The notion of duality described in the previous sections could also be extended to give
2N equivalent descriptions of a gauge theory with type [p1, ..., pN ] gauge potential A. The
construction is perhaps best illustrated by considering A in physical gauge such that it
transforms in the SO(D − 2)-irreducible representation ̂[p1, ..., pN ]. There are then 2
N dual
descriptions in terms of each of the potentials A, ∗(i)A, ∗(i) ∗(j)A,..., ∗(1)... ∗(N)A. It must be
understood however that not all of these dual descriptions are non-trivial. For example, in the
type [1, 1] gravitational case then one has the set of four physical dual fields (h, ∗h, ∗˜h, ∗∗˜h)
though only three of them h, D = ∗h = t∗˜h and C = ∗∗˜h are distinct due to the symmetry
of h. In general the number of distinct dual descriptions would therefore depend on the
particular representation A is in.
Note added: Most of the new material here was presented in [10]. Subsequently, while
this article was in preparation, the work [18] appeared which also develops a multi-form
formulation of the results of [9] and so has considerable overlap with this paper.
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